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In recent years, a considerable effort has been directed toward the determination of
parameters (k,m, n) for which there exists a k-set of type (m, n)r−1 in a projective space
PG(r, q). In this paper we develop a method for determining parameters m and n for
some fixed integer k. As an application, we obtain a simpler proof of a well-known
characterization of non-singular elliptic quadrics in PG(3, q), q odd, and we generalize
slightly two well-known characterizations: Baer subspaces in PG(4, q), q square, and Segre
varieties S1× S2 in PG(5, q), q ≥ 3. The method allows us to prove non-existence theorems.
In particular we prove the non-existence of non-trivial qt-sets of type (m, n)r−1 in PG(r, q).
© 2008 Elsevier B.V. All rights reserved.
1. Introduction and motivations
One of the most interesting problems in finite geometry is the characterization by combinatorial properties of classical
algebraic varieties, e.g. quadrics, hermitian surfaces, Baer subspaces, Segre varieties, etc., in PG(r, q), the r-dimensional
projective space over the Galois field GF(q) of order q, where q is a prime power; see [4,8,9] and [22]. A powerful tool is
the theory of k-sets which analyses the subsets of size k in PG(r, q) with respect to their possible intersections with all the
subspaces of a given dimension d; see [13] and [26]. Let K denote a k-set, i.e. a set of k points in PG(r, q). A subspace is called i-
secant if it contains exactly ipoints ofK. We recall that the d-characters ofK are the numbers tdi = tdi (K) of d-subspaces meeting
K in exactly i points, 0 ≤ i ≤ qd + · · · + q+ 1. A set K is said to be of class [m1,m2, . . . ,ms]d if tdi 6= 0⇒ i ∈ {m1,m2, . . . ,ms}.
Moreover, a set K of class [m1,m2, . . . ,ms]d is called of type (m1,m2, . . . ,ms)d if i ∈ {m1,m2, . . . ,ms} ⇒ tdi 6= 0. Therefore a
k-set of type (m, n)r−1 is a set K of k points such that every hyperplane contains either m or n points of K,m < n, and both
values occur; see [25].
A complete characterization of k-sets with exactly two characters different from zero with respect to one fixed dimension
d seems to be extremely difficult. A possible task is the usual one of the determination of the triples (k,m, n) for which there
exists a k-set of type (m, n)r−1 in PG(r, q).
While there are quite a few investigations concerned with k-sets of type (m, n)1 in finite projective planes (see for
instance [2,7,17] and [23]), there seems to be much less information available in the higher-dimensional case; see [5,10].
Let h denote any hyperplane of PG(r, q). By counting in a double way the total number of incident point–hyperplane pairs
(P, h) with P ∈ K ∩ h, and triples (P,Q, h) with P,Q ∈ K ∩ h, we have what are referred to as the standard equations on the
integers tm = tr−1m and tn = tr−1n (see [25]),
tm + tn = qr + qr−1 + · · · + q+ 1
mtm + ntn = k(qr−1 + qr−2 + · · · + q+ 1)
m(m− 1)tm + n(n− 1)tn = k(k− 1)(qr−2 + qr−3 + · · · + q+ 1).
(1.1)
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The aim of this paper is to develop a technique for determining parameters m and n with respect to dimension r − 1 for
some fixed integer k, in order to obtain new characterizations for these k-sets in PG(r, q), and in order to obtain some non-
existence results. The arguments leading to these results are combinatorial arguments based largely on the integrality of
the parameters m and n. We illustrate the use of this method by determining parameters m and n for some fixed integer k.
In particular, in Section 2 we deal with the three-dimensional case, showing that the cardinality k determines the values
of the parameters m and n such that the type of k-set is elliptic, hyperbolic or hermitian. Thas [27] characterized the non-
singular elliptic quadrics in PG(3, q), q odd, as a (q2 + 1)-set of type (1, q + 1)2. In [12] this result was slightly generalized
by proving that for a (q2 + 1)-set of type (m, n)2 in PG(3, q) the parameters m and n are uniquely determined and are equal
to 1 and q+ 1 respectively. We obtain a simpler proof of this result.
In Section 3 we give a new characterization of Baer subspaces in PG(4, q), q square. They have been characterized as
(q2+ q√q+ q+√q+1)-sets of type (q+√q+1, q√q+ q+√q+1)3 containing no line by de Finis and de Resmini; see [11].
We generalize this result slightly by proving that for a (q2 + q√q+ q+√q+ 1)-set of type (m, n)3 in PG(4, q), q square, the
parameters m and n are uniquely determined and are equal to q+√q+ 1 and q√q+ q+√q+ 1 respectively.
In Section 4 we deal with the Segre variety S1 × S2 in PG(5, q). In [6] it is characterized as a k-set of class [0, 1, 2, q+ 1]1
and type (q2+2q+1, 2q2+2q+1)4 in PG(5, q). We generalize this result slightly by proving that for a (q3+2q2+2q+1)-set
of class [0, 1, 2, q + 1]1 and type (m, n)4 in PG(5, q), q ≥ 3, the parameters m and n are uniquely determined and are equal
to q2 + 2q+ 1 and 2q2 + 2q+ 1, respectively.
Finally in Section 5 we apply the method in order to prove the non-existence of non-trivial qt-sets of type (m, n)r−1 in
PG(r, q).
2. The three-dimensional case
Let K be a k-set of type (m, n)2 in PG(3, q). We recall that if m = 0, then K is either a point or a complementary set of a
plane. Moreover, if n = q2 + q + 1, then K is either a plane or a complementary set of a point; cf. [25]. Therefore we may
henceforth assume that
1 ≤ m < n ≤ q2 + q. (2.1)
If r = 3, from the first two equations of (1.1) we get
tm = n
(
q3 + q2 + q+ 1)− k (q2 + q+ 1)
n− m
tn = k
(
q2 + q+ 1)− m (q3 + q2 + q+ 1)
n− m
(2.2)
and then by (2.2) and (1.1) we get
k2 − k
[
1+ (m+ n− 1) q
2 + q+ 1
q+ 1
]
+ mn
(
q2 + 1
)
= 0. (2.3)
2.1. Non-singular elliptic quadric
It is well known that in PG(3, q) a non-singular elliptic quadric is a (q2 + 1)-set of type (1, q+ 1)2; see [14,18] and [19].
In [27] Thas characterized non-singular elliptic quadrics as a (q2+1)-set of type (1, q+1)2 of PG(3, q), q odd. In this section
we show that the assumptions of Thas can be slightly weakened. Indeed we prove the following:
Theorem 2.1. A (q2 + 1)-set of type (m, n)2 in PG(3, q), q odd, is a non-singular elliptic quadric.
Proof. Firstly we show that m ≤ q− 1.
Since tn > 0, it follows that k(q2 + q+ 1) > m(q3 + q2 + q+ 1). Since k = q2 + 1, we get m < (q
2+1)(q2+q+1)
q3+q2+q+1 = q+ 1q+1 .
Therefore, m ≤ q.
Setting k = q2 + 1 in (2.3), we get
n = q+ 1+ (m− 1) q
q2 − (m− 1)q− (m− 1) . (2.4)
If m = q, it holds that n = q2 + 1. In this case, (2.2) implies that tm and tn are not integers. Thus 1 ≤ m ≤ q− 1.
If 1 ≤ m ≤ q− 1, then 0 < q
q2−(m−1)q−(m−1) < 1. Consequently we have two possibilities:
• The greatest common divisor of (m− 1) and q2 − (m− 1)q− (m− 1) is 1. In this case n is integer if and only if m = 1.
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• The greatest common divisor of (m − 1) and q2 − (m − 1)q − (m − 1) is an integer g 6= 1. Since g|(m − 1) and
g|[q2 − (m − 1)q − (m − 1)] then g|q2. Moreover, g|q, since 1 ≤ m ≤ q − 1. Then we can divide the numerator and
denominator of the fraction q
q2−(m−1)q−(m−1) by g. Putting N = qg and D = q
2−(m−1)q−(m−1)
g
, we reduce the expression for n
to the form n = q+1+ (m−1) N
D
in which the greatest common divisor of (m−1) and D is 1. It follows that n is integer if
and only if m = 1. Therefore m = 1. Consequently, (2.4) implies that n = q+ 1. Thus the (q2+ 1)-set is of type (1, q+ 1)2
in PG(3, q). Hence the assertion is proved in view of results contained in [1,16] and [27]. 
2.2. Sets of hyperbolic type
It is well known that in PG(3, q) a non-singular hyperbolic quadric Q is a (q+ 1)2-set of type (q+ 1, 1+ 2q)2; see [14,18]
and [19]. Observe that it is impossible to characterize Q as a (q + 1)2-set of type (m, n)2 because all (q + 1)2-sets of points
on q + 1 pairwise skew lines are (q + 1)2-sets of type (q + 1, 1 + 2q)2. So following [28], we call a set of hyperbolic type a
(q+ 1)2-set of type (q+ 1, 1+ 2q)2.
We prove the following converse:
Theorem 2.2. A (q+ 1)2-set of type (m, n)2 in PG(3, q) is of hyperbolic type.
Proof. First we show that m ≤ q+ 1.
Since the set is of type (m, n)2, it holds that tn > 0; from (2.2) it follows that k(q2 + q + 1) > m(q3 + q2 + q + 1). Since
k = (q+ 1)2, we have m < (q+1)2(q2+q+1)
q3+q2+q+1 = q+ 2+ q−1q2+1 . Therefore m ≤ q+ 2.
Setting k = (q+ 1)2 in (2.3), we get
n = 1+ 2q+ q2 [m− (q+ 1)] · q− 1
(q2 + q+ 1) · (q+ 1)− m(q2 + 1) . (2.5)
If m = q+ 2, then n = q2 + 2q+1, a contradiction in view of (2.1). Thus 1 ≤ m ≤ q+ 1. So, we can write m = q+ 1− a, with
a an integer, 0 ≤ a ≤ q. Consequently, from (2.5) we get
n = 1+ 2q− q aq(q− 1)
a(q2 + 1)+ q(q+ 1) . (2.6)
Suppose a 6= 0. Since 0 < aq(q−1)
a(q2+1)+q(q+1) < 1, we have two possibilities:
• The greatest common divisor of q and a(q2 + 1)+ q(q+ 1) is 1; then n is not an integer.
• The greatest common divisor of q and a(q2 + 1)+ q(q+ 1) is an integer g 6= 1. Since g|q it holds that g|aq(q− 1). Then we
can divide the numerator and denominator of the fraction aq(q−1)
a(q2+1)+q(q+1) by g. Putting N = aq(q−1)g and D = a(q
2+1)+q(q+1)
g
,
we reduce the expression for n in the form n = 1+2q−q N
D
in which the greatest common divisor of q and D is 1, so that n
is not an integer. Therefore a = 0, m = q+1 and n = 1+2q in view of (2.6). Thus the (q+1)2-set is of type (q+1, 1+2q)2
in PG(3, q). Hence the assertion is proved. 
2.3. Sets of hermitian type
Throughout this section q is a square, q = p2h where p is a prime and h ≥ 1. Consider x→ x the involutory automorphism
of GF(q) defined by x = x√q and a square matrix H of order 4 such that H = Ht . A non-singular hermitian surface S of a finite
projective space Σ = PG(3, q) is defined by
S = {X = (x0, x1, x2, x3) ∈ Σ |XHXt = 0}.
It is well known that in Σ a hermitian surface H is a (q2
√
q+ q√q+ q+ 1)-set of type (q√q+ 1, q√q+ q+ 1)2; see [14,
20] and [24]. Observe that it is impossible to characterize H as a (q2
√
q + q√q + q + 1)-set of type (m, n)2 because all
(q2
√
q+q√q+q+1)-sets of points on q√q+1 pairwise skew lines are (q2√q+q√q+q+1)-sets of type (q√q+1, q√q+q+1)2.
Consequently, we say that a (q2
√
q+ q√q+ q+ 1)-set of type (q√q+ 1, q√q+ q+ 1)2 is a set of hermitian type. We prove
the following converse:
Theorem 2.3. A (q2√q+ q√q+ q+ 1)-set of type (m, n)2 of PG(3, q), q square, is of hermitian type.
Proof. Let us suppose q square and k = q2√q+ q√q+ q+ 1.
Firstly we show that m ≤ q√q+√q+ 1.
Since the set is of type (m, n)2, it holds that tn > 0; it follows that k(q2+q+1) > m(q3+q2+q+1). As k = q2√q+q√q+q+1,
we get
m <
(q2
√
q+ q√q+ q+ 1)(q2 + q+ 1)
q3 + q2 + q+ 1 =
(q
√
q+ 1)(q2 + q+ 1)
(q2 + 1) = q
√
q+√q+ 1+ q−
√
q
q2 + 1 .
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Since m ≤ q√q+√q+ 1, we may write m = q√q+√q+ 1− a, with a an integer such that 0 ≤ a ≤ q√q+√q.
Setting k = q2√q+ q√q+ q+ 1 = (q√q+ 1)(q+ 1) in (2.3), we get n as a rational increasing function of m:
n = q
5 + 2q4 + 3q3√q+ q3 + 4q2√q+ 2q2 + 2q√q+ 2q+ 1
q3
√
q+ q2√q+ q2 + q√q+ q+ 1− m (q2 + 1)
− m
(
q3
√
q+ q2√q+ q2 + q√q+ q+ 1)
q3
√
q+ q2√q+ q2 + q√q+ q+ 1− m (q2 + 1) .
By substituting m = q√q+√q+ 1− a we get
n = (a+ 1) q
3√q− q3 + (a+ 1) q2√q+ aq2 + (a− 1) q√q+ (a+ 1) q−√q+ a
aq2 + q−√q+ a .
The value m = q√q+√q+ 1 is not possible since tn = q
√
q−q+√q−1
q2+√q−1 is not an integer. Hence m ≤ q
√
q+√q and a ≥ 1.
Putting s = √q, we get
n = (a+ 1) s
7 − s6 + (a+ 1) s5 + as4 + (a− 1) s3 + (a+ 1) s2 − s+ a
as4 + s2 − s+ a
= s3 + s2 + 1− s2 a
(
s4 − s3)− (s5 − s4)
a
(
s4 + 1)+ (s2 − s) . (2.7)
We show that a = s, proving that the cases a < s and a > s are impossible.
• Firstly suppose a < s. We write the expression for n as
n = s3 + s2 + 1+ s3 s
4 − as3 − s3 + as2
as4 + s2 − s+ a .
If the greatest common divisor of s3 and as4 + s2 − s + a is 1, then n is not an integer, since the condition 1 ≤ a ≤ s − 1
implies 0 < s
4−as3−s3+as2
as4+s2−s+a < 1.
Thus suppose that the greatest common divisor of s3 and as4 + s2 − s+ a is an integer g 6= 1.
Since g|s3 then g|(s2 − s+ a). Therefore g|(s4 − s3 + as2). Thus g|(s4 − as3 − s3 + as2).
Then we can divide the numerator and denominator of the fraction s
4−as3−s3+as2
as4+s2−s+a by g. Putting N = s
4−as3−s3+as2
g
and
D = as4+s2−s+a
g
, we reduce the expression for n to the form n = s3 + s2 + 1+ s3 N
D
in which the greatest common divisor of
s3 and D is 1 and 0 < N
D
< 1. Then n is not an integer.
• Now suppose a > s. If the greatest common divisor of s2 and a(s4 + 1) + (s2 − s) is 1, then n is not an integer since the
conditions s+ 1 ≤ a ≤ s3 + s and m ≤ s3 + s yield that the fraction is −1 < − a(s4−s3)−(s5−s4)
a(s4+1)+(s2−s) < 0 by (2.7). Thus suppose
that the greatest common divisor of s2 and a(s4 + 1)+ (s2 − s) is an integer g 6= 1. Since g|s2, then g|(a− s). So
a
(
s4 − s3)− (s5 − s4)
a
(
s4 + 1)+ (s2 − s) = (a− s)
(
s4 − s3)
as4 + s2 + (a− s) .
We can divide the numerator and denominator of the fraction (a−s)(s
4−s3)
as4+s2+(a−s) by g. PuttingN =
(a−s)(s4−s3)
g
andD = as4+s2+(a−s)
g
,
we reduce the expression for n to the form n = s3 + s2 + 1− s2 N
D
, in which the greatest common divisor of s2 and D is 1
and−1 < − N
D
< 0. Then n is not an integer.
Therefore a = s = √q. Hence we get m = q√q+1 and n = q√q+q+1 in view of (2.7). Thus K is a (q2√q+q√q+q+1)-set
of type (q
√
q+ 1, q√q+ q+ 1)2 of PG(3, q). So the assertion is proved. 
3. Baer subspaces
A Baer subspace of a finite projective space PG(r, q), q = p2h, p a prime and h ≥ 1, is a subspace isomorphic to PG(r,√q).
Such a Baer subspace can be obtained by restricting the coordinates of PG(r, q) to GF(
√
q), and then moving this Baer
subspace by a collineation of PG(r, q); see [3] and [15]. The Baer subspaces in PG(4, q), q square, are characterized as
(q2 + q√q + q + √q + 1)-sets of type (q + √q + 1, q√q + q + √q + 1)3 containing no line in [11], Theorem 3.1. In this
section we show that the assumptions in [11] can be slightly weakened. In particular we prove the following:
Theorem 3.1. A (q2 + q√q+ q+√q+ 1)-set of type (m, n)3 containing no line of PG(4, q), q square, is a Baer subspace.
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Proof. Let K be a (q2 + q√q+ q+√q+ 1)-set of type (m, n)3 in PG(4, q), q square. We recall that if m = 0, then K is either a
point or a complementary set of a hyperplane (cf. [25]); moreover if n = q3 + q2 + q+ 1, then K is either a hyperplane or a
complementary set of a point. In order to avoid these trivial cases we assume
1 ≤ m < n ≤ q3 + q2 + q. (3.1)
If r = 4, from the first two equations of (1.1) we get
tm = n
(
q4 + q3 + q2 + q+ 1)− k (q3 + q2 + q+ 1)
n− m
tn = k
(
q3 + q2 + q+ 1)− m (q4q3 + q2 + q+ 1)
n− m
(3.2)
and then by (3.2) and (1.1) we get
k2 − k
[
1+ (m+ n− 1) q
3 + q2 + q+ 1
q2 + q+ 1
]
+ mnq
4 + q3 + q2 + q+ 1
q2 + q+ 1 = 0. (3.3)
Firstly we show that m ≤ q+√q+ 1.
Since the set is of type (m, n)3, we have tn > 0. It follows that k(q3 + q2 + q + 1) > m(q4 + q3 + q2 + q + 1). As
k = q2 + q√q+ q+√q+ 1, we get
m <
(q2 + q√q+ q+√q+ 1)(q3 + q2 + q+ 1)
q4 + q3 + q2 + q+ 1 = q+
√
q+ 1+ q
3√q+ q3 + q2√q+ q2 + q√q
q4 + q3 + q2 + q+ 1 .
Therefore, m ≤ q+√q+ 1. Consequently we may write m = q+√q+ 1− a where a is an integer with 0 ≤ a ≤ q+√q.
Since k = q2 + q√q+ q+√q+ 1, from (3.3) we get n as a rational increasing function of m:
n = q+√q+ 1+
(
q3
√
q+ q3 + q2√q+ q2 + q√q) (m− q√q− q−√q− 1)
m
(
q4 + q3 + q2 + q+ 1)− (q2 + q√q+ q+√q+ 1) (q3 + q2 + q+ 1) . (3.4)
By substituting m = q+√q+ 1− a, we get
n = q√q+ q+√q+ 1− q√q a
√
q
(
q
√
q− q+√q− 1)
aq2 − (a− 1) q√q+ aq− a√q+ a . (3.5)
Suppose a 6= 0. Since 1 ≤ a ≤ q+√q, it holds that 0 < a
√
q(q
√
q−q+√q−1)
aq2−(a−1)q√q+aq−a√q+a < 1. So, if q
√
q and aq2 − (a− 1)q√q+ aq−
a
√
q+ a are coprime, then n is not an integer.
Thus suppose that the greatest common divisor of q
√
q and aq2 − (a − 1)q√q + aq − a√q + a is an integer g 6= 1. Since
g|q√q, then g|q2. Hence g|(aq− a√q+ a). So g|[a√q(q√q− q+√q− 1)].
Therefore, we can divide the numerator and denominator of the fraction a
√
q(q
√
q−q+√q−1)
aq2−(a−1)q√q+aq−a√q+a by g. Putting N =
a
√
q(q
√
q−q+√q−1)
g
and D = aq2−(a−1)q
√
q+aq−a√q+a
g
, we reduce the expression for n to the form n = q√q+ q+√q+ 1− q√q N
D
in
which q
√
q and D are coprime and 0 < N
D
< 1; then n is not an integer.
Therefore, a = 0, so from (3.5) we get m = q+√q+ 1 and n = q√q+ q+√q+ 1. Thus K is a (q2+ q√q+ q+√q+ 1)-set
of type (q+√q+ 1, q√q+ q+√q+ 1)3 of PG(4, q). Since K contains no line, K is the point set of a Baer subspace, in view
of a result of [11]; see also [3]. 
4. Segre varieties
The Segre variety of two projective spaces Sm and Sn is the variety
S = {(x00x10, x00x11, . . . , x00x1n, x01x10, . . . , x01x1n, . . . , x0mx10, . . . , x0mx1n)|(x00, x01, . . . , x0m) ∈ Sm,
(x10, x11, . . . , x1n) ∈ Sn}
in PG(N, q) with N = mn + m + n; see [21]. Clearly S is a variety of dimension mn. It can be shown that the Segre variety is
absolutely irreducible and non-singular, with order (m+n)!
m!n! . From now on, the Segre variety of two projective spaces Sm and
Sn will be denoted by Sm × Sn. For m = n = 1, the Segre variety S1 × S1 is a non-singular hyperbolic quadric of PG(3, q).
For m = 1 and n = 2, the Segre variety is a surface S1 × S2 of order 3 in PG(5, q). Apart from the non-singular hyperbolic
quadric, the Segre variety which is most studied and characterized is the surface S1 × S2 of PG(5, q). An excellent reference
is Chapter 25 of Hirschfeld and Thas; see [15]. The Segre variety S1 × S2 is characterized as a k-set of class [0, 1, 2, q + 1]1
and type (q2 + 2q+ 1, 2q2 + 2q+ 1)4 of PG(5, q), q ≥ 3, by Bichara and Innamorati; see [6]. In this section we show that the
assumptions of Bichara and Innamorati can be slightly weakened. In particular we prove the following:
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Theorem 4.1. In PG(5, q), q ≥ 3, a (q3 + 2q2 + 2q + 1)-set of class [0, 1, 2, q + 1]1 and type (m, n)4 is projectively equivalent
to the Segre variety S1 × S2.
Proof. Let K be a (q3 + 2q2 + 2q + 1)-set of class [0, 1, 2, q + 1]1 and type (m, n)4 of PG(5, q). We recall that if m = 0 then
K is either a point or a complementary set of a hyperplane, cf. [25], moreover if n = q4 + q3 + q2 + q + 1, then K is either a
hyperplane or a complementary set of a point. In order to avoid these trivial cases we assume
1 ≤ m < n ≤ q4 + q3 + q2 + q. (4.1)
If r = 5, from the first two equations of (1.1) we get
tm = n
(
q5 + q4 + q3 + q2 + q+ 1)− k (q4 + q3 + q2 + q+ 1)
n− m
tn = k
(
q4 + q3 + q2 + q+ 1)− m (q5 + q4 + q3 + q2 + q+ 1)
n− m
(4.2)
and moreover by (4.2) and (1.1) we get
k2 − k
[
1+ (m+ n− 1) q
4 + q3 + q2 + q+ 1
(q+ 1)(q2 + 1)
]
+ mnq
4 + q2 + 1
(q2 + 1) = 0 (4.3)
in which q ≥ 3 and k = q3 + 2q2 + 2q+ 1 = (q+ 1)(q2 + q+ 1).
Firstly, we show that m ≤ q2 + 2q+ 2.
Since the set is of type (m, n)4, we have tn > 0, n ≥ 2 and n− m ≥ 1; hence we get
(q7 + 3q6 + 5q5 + 6q4 + 6q3 + 5q2 + 3q+ 1)− m(q5 + q4 + q3 + q2 + q+ 1) > 0,
and so m < q2 + 2q+ 2+ q4+q3−q−1
q5+q4+q3+q2+q+1 < q
2 + 2q+ 3. Thus 1 ≤ m ≤ q2 + 2q+ 2.
From (4.3) we get n as a rational increasing function of m:
n = q
6 + 3q5 + 6q4 + 6q3 + 5q2 + 3q+ 1− m (q4 + q3 + q2 + q+ 1)
q4 + q3 + q2 + q+ 1− m (q2 − q+ 1) . (4.4)
Since 1 ≤ m ≤ q2 + 2q+ 2, we can write m = q2 + 2q+ 2− a, with a an integer such that 0 ≤ a ≤ q2 + 2q+ 1.
The value m = q2 + 2q+ 2 is not possible, since tn = q− 1q3+q2−1 is not an integer.
Hence m ≤ q2 + 2q+ 1 and a ≥ 1.
Now we show that a = 1 is the unique admissible case.
Suppose a ≥ 2. Substituting m = q2 + 2q+ 2− a in (4.4), we get
n = q2 + 2q+ 1+ q2 q
2 + a− 1
aq2 − (a− 1) q+ (a− 1) . (4.5)
Since 2 ≤ a ≤ q2 + 2q + 1, it holds that 0 < q2+a−1
aq2−(a−1)q+(a−1) < 1. If the greatest common divisor of q
2 and
aq2 − (a− 1)q+ (a− 1) is 1, then n is not an integer.
Now suppose that the greatest common divisor of q2 and aq2 − (a− 1)q+ (a− 1) is an integer g 6= 1.
Since g|q2, then g|[−(a − 1)(q − 1)]. As q = ph, p a prime, also g = pi. Since p does not divide (q − 1), then g|(a − 1). So
g|(q2 + a− 1).
Therefore we can divide the numerator and denominator of the fraction q
2+a−1
aq2−(a−1)q+(a−1) by g. Putting N = q
2+a−1
g
and
D = aq2−(a−1)q+(a−1)
g
, we reduce the expression for n to the form n = q2+ 2q+ 1+ q2 N
D
in which the greatest common divisor
of q2 and D is 1 and 0 < N
D
< 1. Then n is not an integer.
Therefore n is an integer if and only if a = 1. Thus m = q2 + 2q + 1, n = 2q2 + 2q + 1, in view of (4.5), and K is a
(q3 + 2q2 + 2q+ 1)-set of class [0, 1, 2, q+ 1]1 and type (q2 + 2q+ 1, 2q2 + 2q+ 1)4 in PG(5, q). Then in PG(5, q), q ≥ 3, K
is projectively equivalent to the Segre variety S1 × S2, in view of results contained in [6]. 
5. The non-existence problem
In this section we apply the method to the non-existence problem of particular k-sets of type (m, n)r−1 in PG(r, q). We
call the set containing exactly one point or a complementary set of a hyperplane trivial sets. We prove the following:
Theorem 5.1. In PG(r, q), a qt-set of type (m, n)r−1 is trivial.
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Proof. Let K be a qt-set of type (m, n)r−1 of PG(r, q). We recall that if m = 0, then K is either a point or a complementary set
of a hyperplane. Moreover, if n = qr−1 + qr−2 + · · · + q+ 1, then K is either a hyperplane or a complementary set of a point;
cf. [25]. Therefore we may henceforth assume that
1 ≤ m < n ≤ qr−1 + qr−2 + · · · + q. (2.1)
From the first two equations of (1.1) we get
tm = n(q
r + qr−1 + · · · + q+ 1)− k(qr−1 + qr−2 + · · · + q+ 1)
n− m
tn = k(q
r−1 + qr−2 + · · · + q+ 1)− m(qr + qr−1 + · · · + q+ 1)
n− m
(5.1)
moreover by (5.1) and (1.1) we get
k2 − k
[
1+ (m+ n− 1) q
r−1 + qr−2 + · · · + q+ 1
qr−2 + · · · + q+ 1
]
+ mnq
r + qr−1 + · · · + q+ 1
qr−2 + · · · + q+ 1 = 0 (5.2)
in which k = qt .
Firstly we show that m < qt−1. Since K is of type (m, n)r−1, then tn > 0. So it follows that qt(qr−1 + qr−2 + · · · + q + 1)−
m(qr + qr−1 + · · · + q+ 1) > 0; thus
m <
qr+t−1 + qr+t−2 + · · · + qt+1 + qt + qt−1 − qt−1
qr + qr−1 + · · · + q+ 1 =
qt−1(qr + qr−1 + · · · + q+ 1)− qt−1
qr + qr−1 + · · · + q+ 1
= qt−1 − q
t−1
qr + qr−1 + · · · + q+ 1 .
Hence 1 ≤ m < qt−1, i.e. 1 ≤ m ≤ qt−1 − 1.
From (5.2) we get n as a rational increasing function of m:
n = qt q
r+t−1 − mqr + qr − qr−1 − qt + m
qr+t − mqr+1 − qt + m .
Suppose that t = 0. Hence n = mqr−qr−m+1
mqr+1−qr−m+1 . If m 6= 0, then n is not an integer. If m = 0, then n = 1. Therefore K is the trivial
set containing exactly one point.
For t > 0, we rewrite n as
n = qt−1
[
1+ q
r+1 − qr − qt+1 + qt + mq− m
qr+t − mqr+1 − qt + m
]
. (5.3)
Now suppose that t = 1. Hence n = 1− qr+1−qr−q2+(m+1)q−m
(m−1)qr+1+q−m . If m ≥ 2, then n is not an integer. For m = 1, n = −qr + q < 0.
For m = 0, n = 1+ qr−1−1
qr−1+qr−2+···+q+1 ; then n is not an integer.
We prove that if 1 < t < r, then 0 < q
r+1−qr−qt+1+qt+mq−m
qr+t−mqr+1−qt+m < 1, i.e. 0 <
qr−qt+m
θr−1qt−mθr < 1, where θI := qi+qi−1+· · ·+q+1, i ≥ 0.
First, we have that q
r−qt+m
θr−1qt−mθr > 0 if and only if θr−1q
t − mθr > 0, i.e. m < θr−1qtθr , which holds since
θr−1qt
θr
> qt−1 − 1 ≥ m.
Moreover, we have that q
r−qt+m
θr−1qt−mθr < 1 if and only if m <
θr−1qt−qr+qt
1+θr , which holds since m ≤ qt−1 − 1 <
θr−1qt−qr+qt
1+θr .
Thus 0 < q
r+1−qr−qt+1+qt+mq−m
qr+t−mqr+1−qt+m < 1. Consequently if the greatest common divisor of q
t−1 and qr+t − mqr+1 − qt + m is 1,
then n is not an integer by (3.5).
Now suppose that the greatest common divisor of qt−1 and qr+t − mqr+1 − qt + m is an integer g 6= 1.
Since g|qt−1, then g|m. So g|(qr+1 − qr − qt+1 + qt + mq− m).
Therefore we can divide the numerator and denominator of the fraction q
r+1−qr−qt+1+qt+mq−m
qr+t−mqr+1−qt+m by g. Putting N =
qr+1−qr−qt+1+qt+mq−m
g
and D = qr+t−mqr+1−qt+m
g
, we reduce the expression for n to the form n = qt−1 + qt−1 N
D
in which the
greatest common divisor of qt−1 and D is 1 and 0 < N
D
< 1. Then n is not an integer.
Finally, suppose that t = r. Hence n = qr−1
[
1+ mq−m
q2r−mqr+1−qr+m
]
= qr−1
[
1+ m
qrθr−1−mθr
]
. If m 6= 0, then n is not an integer.
Indeed, m
qrθr−1−mθr < 1 holds if and only if m <
qrθr−1
1+θr , which is true since m ≤ qr−1 − 1 <
qrθr−1
1+θr . If m = 0, then n = qr−1.
Therefore K is the trivial complementary set of a hyperplane in PG(r, q). 
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6. Conclusion
In this paper we have developed a method for determining the values of the parametersm and n for a fixed size k for which
there exists a k-set of type (m, n)r−1 in PG(r, q). We have proved that such cardinalities determine uniquely the parameters
m and n. We have applied the technique to some classical integers k such as the cardinality of quadrics, hermitian surfaces,
Baer subspaces and Segre varieties. This leads us to conclude that it would be very worthwhile to determine the spectrum of
sets with two intersection numbers, that is the parameters for which they occur, because they seem to be strongly related
to the size. Finally, we note that the method contained in this paper allows us to obtain non-existence theorems.
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